Introduction.
Mixed boundary conditions of the form du (1) -1-Xu = 0 dy have been used with success in electromagnetic theory to describe materials of high, but imperfect conductivity [l ; 2 ; 3 ] . The parameter X can be chosen to accurately reproduce the phenomenology at the conductor's surface; other choices of X lead to a boundary condition which can describe reactive surfaces that support slow waves or surface waves [4; 5; 6] .
The utility of the boundary condition (1) to model the physics at complex interfaces has led to an investigation [7] of another boundary condition with more parameters 1 du d2u
which can be chosen to approximate more involved situations, e.g. diffraction at a dielectric-dielectric interface. The physical justification for this procedure is presented elsewhere [7] . Here we seek to show that this is a well-posed approach by proving the uniqueness of the solution of the standard problem of a radiating line source above a plane boundary at which a condition of the form (2) is imposed. The proof of uniqueness is nonstandard owing to the presence of the second derivative in the boundary condition (2).
2. Statement of the problem. We seek to show that there exists one and only one solution of the reduced wave equation
with a source at (0, h), which satisfies the boundary condition (2) Presented to the Society, April 23, 1960 under the title A uniqueness theorem for the wave equation under a class of mixed boundary conditions; received by the editors July 13, 1960. However, for our proof, we shall require a more explicit statement at infinity.
3. Existence. A solution of (2), (3), and (4) which has the following behavior at infinity
can be obtained [7] by Fourier transforms, where p(6), the far-field amplitude or pattern function, is an analytic function of 0 explicitly determined by A, B, h and k. 4 . Uniqueness. We utilize the far-field behavior (6), rather than the usual Sommerfeld radiation condition (4), of u(x, y) to prove the uniqueness theorem:
Theorem. Let u(x, y) be any regular function which satisfies (2) and (3) with A and B as arbitrary real constants. If u(x, y) can be developed as
for kp~5>l, where g(6) is any pattern function, then u(x, y) is unique.
Proof. Let u(x, y) =ui(x, y) -u2(x, y) where Mi and m2 are any two functions that satisfy (2), (3), and (7). Then u(x, y) is a solution of the homogeneous wave equation (8) (V2 + k2)u(x, y) = 0, and in addition satisfies (3) and (7) . Construct the auxiliary function v(x, y) in terms of u(x, y) and its derivatives as 0 \ dp dp ) J A(T)
Since k2 is real, the integral over A(Y) vanishes identically which leaves us with (10)
a \ dp dp / Let p-»oo, and use the condition (7) to change (10) to the form We are now in a position to apply Rellich's Theorem. This theorem states that zero is the only wave function which is regular in the entire x, y-plane, and which vanishes more rapidly than 0(l/p1/2) for p-><» and 6CI where 7 is any interval [8J. Equation (11) therefore implies that v^O.
These results show that any solution u(x, y) of the homogeneous wave equation with the boundary condition (2) satisfies the differential equation
for all y^O. It is a simple matter to show that this is inconsistent with the assumed asymptotic development (7) thus yielding the desired contradiction.
To obtain this result, substitute Since (14) is a quadratic in sin 6 it follows that the equation (14) can be satisfied for at most two values of sin 6. Hence (15) g(8) =0, 0 ^ 8 g t.
A vanishing far-field amplitude (15) is not sufficient to imply that u(x, y)=0. We shall complete the proof by an appeal to Stokes' theorem. Since u(x, y) is a wave function, the integral That is, it is possible to have available as many parameters as necessary to construct boundary conditions which model diffraction at various interfaces. However, these constants can only be coefficients of even order derivatives or reciprocity will be sacrificed [7] .
